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ABSTRACT 

New kinds of generalized mappings namely, δ-ß-open, quasi δ-ß-open, and strongly δ-ß-

open mappings in topological spaces are introduced and investigated by utilizing the concept of 

δ-ß-open sets. Several interesting characterizations and fundamental properties concerning of 

these forms of generalized mappings are obtained.  Moreover, the relationships between such 

these of types of generalized mappings and other of well-known forms of generalized mappings 

are discussed. 
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1. Introduction 

1. Mappings and of course several generalized forms of open and closed 

mappings, strongly mappings and quasi mappings stand among the most 

significant notions and most researched points in the whole of mathematical 

sciences, and they have been introduced and investigated over the course of 

years. Certainly, it is hard to say whether one form is more or less important 

than another. Various interesting problems arise when one considers openness 

and closeness. Its importance is significant in various areas of mathematics and 

related sciences.  
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2. Recently, a number of generalizations of open sets have been considered 

such as: ƅ-open sets, ƅ-θ-open sets, ß-θ-open sets, δ-pre-open sets, δ-ß-open 

sets, E-open sets, E-θ-open, δ-ß-θ-open sets, Ec-open sets and δ-ßc-open sets 

play an important role in generalization of continuity in topological spaces.  

3. A class of generalized open sets in a topological space, called δ-ß-open sets 

or e*-open sets was introduced and several of its fundamental and interesting 

properties were obtained by E. Hatir and T. Noiri [1] and Erdal E. [2] and 

introduced a new class of continuous mappings called δ-ß-continuous 

mappings into the field of topology. 

In 1984, Rose [3] defined the notions of weakly open and weakly closed 

functions in topological spaces. In 2010, J. M. Mustafa [4] introduced some 

new generalized functions and investigated properties and characterizations of 

these new types of functions. 

D. Sreeja and C. Janaki. [5] Introduced a new map called quasi πgb-closed map 

and investigated some of the fundamental properties of quasi πgb-irresolute 

functions. 

In recent times, Generalized closed mappings and strongly closed mappings 

were introduced and studied, by M. L. Thivagar,…,etc [6], Furthermore, their 

relationships with various types of generalized closed maps are investigated. In 

addition, Alaa M. F. Al-Jumaili, in [7], introduced new concepts of generalized 

mappings called E-open, E-closed, quasi E-open, quasi E-closed, strongly E-

open and strongly E-closed mappings in topological spaces by using the notion 

of E-open sets and explored their many interesting properties.In our paper, we 

will continue the study new forms of related mappings by involving δ-ß-open 

sets. The goal of the present this paper is to introduce and study several new 

types of open and closed mappings, strongly mappings and quasi mappings in 

topological spaces via δ-ß-open sets. Several interesting characterizations and 

some basic properties of these kinds of mappings are considered. Moreover, the 

relationships between of δ-ß-open, quasi δ-ß-open, and strongly δ-ß-open 

mappings and other well-known forms of generalized mappings are discussed. 

   

2. PREREQUISITES  

“Throughout the present paper(𝒳, 𝒯), (𝒴,  𝒯∗) and (𝒵, 𝒯∗∗)(or simply 𝒳,

𝒴 and 𝒵) mean topological spaces on which no separation axioms are assumed 

unless explicitly stated. For any subset 𝒜 of 𝒳, The closure and interior of 𝒜 

are denoted by 𝐶𝑙(𝒜)and 𝐼𝑛𝑡(𝒜), respectively”. We recall the following 

definitions of generalized open sets, which will be used often throughout our 

paper.    

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐. 𝟏: Let(𝒳,

𝒯)be atopological space. A subset 𝒜 𝑜𝑓 𝒳 is said to be:  
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a)  𝛿 − open [8] if for each𝓍 ∈ 𝒜 there exists a regular open set 𝒱 such that 

𝓍 ∈ 𝒱 ⊆ 𝒜. The δ-interior of 𝒜 is the union of all regular open sets contained 

in 𝒜 and is denoted by 𝐼𝑛𝑡𝛿(𝒜). The subset 𝒜 is called 𝛿 − open [8] if 𝒜 =

 𝐼𝑛𝑡𝛿(𝒜).  A point𝓍 ∈ 𝒳 is called a δ-cluster points of 𝒜 [8] if 

𝒜 ⋂ Int(Cl(𝒱))  ≠  𝜑, for each open set 𝒱 containing 𝓍. The set of all δ-

cluster points of 𝒜 is called the δ-closure of 𝒜 and is denoted by 𝐶𝑙𝛿(𝒜)If 

𝒜 = 𝐶𝑙𝛿(𝒜), then 𝒜 is said to be 𝛿 − closed [8]. The complement of 𝛿 −

closed set is said to be 𝛿 − open set. A subset 𝒜 of a Topological space𝒳 is 

called 𝛿 − open [8] if for each 𝓍 ∈ 𝒜 there exists an open set 𝒢 such that, 𝓍 ∈

 𝒢 ⊆  Int(Cl(𝒢))  ⊆ 𝒜. The family of all 𝛿 − open sets in 𝒳 is denoted by. 

𝛿𝛴(𝒳, 𝒯). 

b)  A subset 𝒜 of a space𝒳 is called E-open [9] if 𝒜 ⊆  Cl(𝛿 −

𝐼𝑛𝑡(𝒜)) ⋃ I𝑛𝑡(𝛿 − 𝐶𝑙(𝒜)). The complement of an E-open set is called E-

closed. The intersection of all E-closed sets containing 𝒜 is called the E-

closure of 𝒜 [9] and is denoted by 𝐸 − 𝐶𝑙(𝒜). The union of all E-open sets of 

𝒳 contained in 𝒜 is called the E-interior [9] of 𝒜 and is denoted by 𝐸 −

Int(𝒜).  

c)  A subset 𝒜 of a space𝒳 is called 𝛿 − ß − open [1] or e*-open [2], if 

𝒜 ⊆  Cl(Int(𝛿 − Cl(𝒜 ))), the complement of a 𝛿 − ß − open set is called, 

𝛿 − ß − closed. The intersection of all 𝛿 − ß − closed sets containing 𝒜 is 

called the 𝛿 − ß −closure of 𝒜 [1] and is denoted by 𝛿 − ß − Cl(𝒜). The 

union of all𝛿 − ß − open sets of 𝒳 contained in 𝒜 is called the 𝛿 −

ß −interior [1] of 𝒜 and is denoted by𝛿 − ß − 𝐼𝑛𝑡(𝒜). 

4. Remark 2.2: The family of all E-open (resp. E-closed, 𝛿 − ß − open, 𝛿 −

ß − closed) subsets of 𝒳 containing a point 𝓍 ∈ 𝒳 is denoted by𝐸Σ(𝒳, 𝓍) 

(resp. 𝐸𝐶(𝒳, 𝓍), 𝛿 − ßΣ(𝒳, 𝓍), 𝛿 − ß𝐶(𝒳, 𝓍)). The family of all E-open 

(resp. E-closed, 𝛿 − ß − open, 𝛿 − ß − closed) sets in 𝒳 are denoted 

by𝐸Σ(𝒳, 𝒯) (𝑟𝑒𝑠𝑝. 𝐸𝐶(𝒳, 𝒯), 𝛿 − ßΣ(𝒳, 𝒯), 𝛿 − ß𝐶(𝒳, 𝒯)). 

5.  

6. 𝐏𝐫𝐨𝐩𝐨𝐬𝐢𝐭𝐢𝐨𝐧 𝟐. 𝟑: [𝟗, 𝟏𝟎] the following properties hold for a space𝒳: 

a) The Arbitrary union of any family of 𝐸 − (𝑟𝑒𝑠𝑝. 𝛿 − ß) −

open sets in𝒳,   

      is an 𝐸 − (𝑟𝑒𝑠𝑝. 𝛿 − ß) − open set.   

b) The Arbitrary intersection of any family of𝐸 − (𝑟𝑒𝑠𝑝. 𝛿 − ß) −

closed sets  

in 𝒳, is an𝐸 − (𝑟𝑒𝑠𝑝. 𝛿 − ß) − closed set. 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐. 𝟒: Let(𝒳,

𝒯)be a topological space. A subset 𝒜 𝑜𝑓 𝒳is said to be:  
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Regular 

open 

b-open open 

set 

α-open Semi-open 

Pre-open ß-open 

δ-open δ-semiopen E-open δ- ß-open 

a) Regular open (resp. regular closed) [11] if𝒜 = 𝐼𝑛𝑡(𝐶𝑙(𝒜)) (resp.  𝒜 =

𝐶𝑙(𝐼𝑛𝑡(𝒜))). 

b)  α-open [12], if 𝒜 ⊆ 𝐼𝑛𝑡(𝐶𝑙(𝐼𝑛𝑡(𝒜))), and α −

closed if  𝐶𝑙(𝐼𝑛𝑡(𝐶𝑙(𝒜))) ⊆ 𝒜.   

c) semi-open [13], if 𝒜 ⊆ 𝐶𝑙(𝐼𝑛𝑡(𝒜)), and semi −

closed if   𝐼𝑛𝑡(𝐶𝑙(𝒜)) ⊆ 𝒜. 

d) pre-open [14], if 𝒜 ⊆  𝐼𝑛𝑡(𝐶𝑙(𝒜)), and pre − closed if 𝐶𝑙(𝐼𝑛𝑡(𝒜)) ⊆

𝒜.    

e) ß-open [15], if 𝒜 ⊆ 𝐶𝑙(𝐼𝑛𝑡(Cl(𝒜))), and ß −

closed if 𝐼𝑛𝑡(𝐶𝑙(𝐼𝑛𝑡(𝒜))) ⊆ 𝒜 .  

f) b-open [16]) if 𝒜 ⊆ 𝐼𝑛𝑡(𝐶𝑙(𝐴)) ⋃ 𝐶𝑙(𝐼𝑛𝑡(𝐴))), and b − closed if  

𝐼𝑛𝑡(𝐶𝑙(𝐴))⋂ 𝐶𝑙(𝐼𝑛𝑡(𝐴))) ⊆ 𝒜. 

Remark 2.5: “From definitions (2.1) and (2.4) we have the following figure in 

which the converses of implications need not be true, see the examples in [10], 

[9] and [2]”. 

 

 

 

 

 

 

 

 

Figure (1): The relationships among some well-known generalized open 

sets in Topological spaces 

𝐂𝐇𝐀𝐑𝐀𝐂𝐓𝐄𝐑𝐈𝐙𝐀𝐓𝐈𝐎𝐍𝐒 𝐎𝐅 𝜹 − ß − 𝐎𝐏𝐄𝐍 𝐌𝐀𝐏𝐏𝐈𝐍𝐆𝐒 

 

This section is devoted to introduce several characterizations and some 

properties concerning of 𝛿 − ß − open mappings by utilizing 𝛿 − ß −

open sets .  

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟑. 𝟏: A mapping  𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗)  is said to be 𝛿 − ß −

open if 

𝑓 (𝒰) ∈ 𝛿 − ßΣ(𝒴,  𝒯∗) for every open set 𝒰 in 𝒳.  

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟑. 𝟐: A mapping 𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗)is 𝛿 − ß − open 𝑖𝑓𝑓  ∀ 𝓍 ∈

𝒳 and each   

open set 𝒰 in 𝒳. with 𝓍 ∈ 𝒰, there exists a set 𝒱

∈ 𝛿 − ßΣ(𝒴,  𝒯∗)containing𝑓(𝓍)  

such that, 𝒱 ⊆ 𝑓(𝒰).   

Proof: The proof is follows directly from definition (3.1). 
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𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟑. 𝟑: Let 𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗)be 𝛿 − ß − open. If 𝒱 ⊆

𝒴 and ℳ is a closed sub  

set of 𝒳 containing𝑓−1(𝒱), then ∃ ℱ ∈ 𝛿 −

ßC(𝒴,  𝒯∗)containing  𝒱 (s. t) 𝑓−1(ℱ) ⊆ ℳ.    

𝑷𝒓𝒐𝒐𝒇: Let ℱ =  𝒴 –  𝑓 (𝒳 –  ℳ). Then, ℱ ∈ 𝛿 − ßC(𝒴,  𝒯∗). Since 

𝑓−1(𝒱) ⊆ ℳ, we have,       𝑓 (𝒳 –  ℳ) ⊆ (𝒴 – 𝒱) so, 𝒱 ⊆ ℱ. Also𝑓−1(ℱ) =

𝒳– 𝑓−1[𝑓(𝒳– ℳ)] ⊆ 𝒳 – (𝒳– ℳ) = ℳ. 

 𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟑. 𝟒: A mapping𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗)is 𝛿 − ß −

open if and only if  

𝑓[𝐼𝑛𝑡(𝒜)] ⊆ 𝛿 − ß − 𝐼𝑛𝑡[𝑓(𝒜)], 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝒜 ⊆ 𝒳. 

𝑷𝒓𝒐𝒐𝒇: (⟹)Supposethat 𝒜 ⊆ 𝒳 and𝓍 ∈ Int(𝒜).     

Then there exists an open set  𝒰𝓍 in 𝒳 such that 𝓍 ∈ 𝒰𝓍 ⊆ 𝒜.  

Now 𝑓 (𝓍) ∈ 𝑓 (𝒰𝓍) ⊆ 𝑓(𝒜), Since 𝑓  𝑖𝑠 𝛿 − ß − open, 𝑓 (𝒰𝓍) ∈ 𝛿 −

ßΣ(𝒴,  𝒯∗). 

Then, 𝑓(𝓍) ∈ 𝛿 − ß − 𝐼𝑛𝑡[ 𝑓 (𝒜)]. Hence, 𝑓[𝐼𝑛𝑡(𝒜)] ⊆ 𝛿 − ß − 𝐼𝑛𝑡[𝑓(𝒜)].  

 (𝐂𝐨𝐧𝐯𝐞𝐫𝐬𝐞𝐥𝐲), Let 𝒰 be an open set in 𝒳. Then by assumption, 𝑓[𝐼𝑛𝑡(𝒰)]

⊆ 

𝛿 − ß − 𝐼𝑛𝑡[𝑓(𝒰)]. Since 𝛿 − ß − 𝐼𝑛𝑡[ 𝑓 (𝒰)] ⊆ 𝑓 (𝒰), and    

𝑓 (𝒰)  = 𝛿 − ß − 𝐼𝑛𝑡[ 𝑓(𝒰)]. Therefore𝑓 (𝒰) ∈ 𝛿 − ßΣ(𝒴,  𝒯∗), So 𝑓 is 𝛿 −

ß − open.   

Remark 3.5: The equality in the Theorem(3.4) need not be true as shown in 

the following example. 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟑. 𝟔: Let 𝒳 =  𝒴 =  {𝓍, 𝓎}, and 𝒯 be the indiscrete topology 

defined on 𝒳 and  𝒯∗ be the discrete topology defined on 𝒴 as follows  𝒯∗ =

{φ, 𝒴, {𝓍}, {𝓎}}. Then we have 𝛿 − ßΣ(𝒳, 𝒯) = {φ, 𝒳, {𝓍}, {𝓎}}  and 𝛿 −

ßΣ(𝒴,  𝒯∗) =   𝒯∗, Let 𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗) be the identity function and 

𝒜 =  {𝓍}. Then, 𝑓[𝐼𝑛𝑡(𝒜)] = φ, and 𝛿 − ß − 𝐼𝑛𝑡[𝑓(𝒜)] =  {𝓍}.  

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟑. 𝟕: A mapping𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗) is𝛿 − ß −

open  if and only if  

7. 𝐼𝑛𝑡[𝑓−1(ℬ)] ⊆ 𝑓−1[𝛿 − ß − 𝐼𝑛𝑡(ℬ)], ∀ ℬ ⊆ 𝒴. 

Proof: (⟹)   Let ℬ be any subset of  𝒴. Then𝑓 [Int( 𝑓−1(ℬ))]  ⊆

 𝑓 [ 𝑓−1(ℬ)] ⊆ ℬ. But 

8. 𝑓 [Int( 𝑓−1(ℬ))] ∈ 𝛿 − ßΣ(𝒴,  𝒯∗), since 𝐼𝑛𝑡( 𝑓−1(ℬ)) is open in 𝒳 and f 

is 𝛿 − ß − open. 

9. Hence, 𝑓 [𝐼𝑛𝑡(𝑓−1(ℬ))] ⊆ 𝛿 − ß − 𝐼𝑛𝑡(ℬ).   Therefore, 𝐼𝑛𝑡[𝑓−1(ℬ)] ⊆

𝑓−1[𝛿 − ß − 𝐼𝑛𝑡(ℬ)].               

10. (Conversely): Assume that 𝒜 is any subset of 𝒳. Then 𝑓 (𝒜) ⊆ 𝒴 . Thus 

via assumption, we  

11. have, 𝐼𝑛𝑡(𝒜) ⊆ 𝐼𝑛𝑡[𝑓−1( 𝑓(𝒜)] ⊆  𝑓−1[𝛿 − ß − 𝐼𝑛𝑡(𝑓 (𝒜))]. Thus, 



Another New Forms of Strongly and Quasi Mappings in Topological Spaces via δ-ß-Open Sets PJAEE, 17 (9) (2020)  

3872 

 𝑓 [𝐼𝑛𝑡(𝒜)] ⊆ 𝛿 − ß − 𝐼𝑛𝑡[ 𝑓 (𝒜)], ∀ 𝒜 ⊆ 𝒳.  Hence, via Theorem (3.4), f is 

𝛿 − ß − open. 

  𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟑. 𝟖: A mapping𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗)is 𝛿 − ß −

open  if and only if  

 𝑓−1[𝛿 − ß − Cl(ℬ)] ⊆ Cl[𝑓−1[(ℬ)] , for every ℬ ⊆ 𝒴. 

  𝑷𝒓𝒐𝒐𝒇: Suppose that 𝑓 is 𝛿 − ß − open   and ℬ ⊆ 𝒴, and let 𝓍 ∈

𝑓−1[𝛿 − ß − Cl(ℬ)].   Then, 𝑓 (𝓍)  ∈ 𝛿 − ß −

Cl(ℬ). Let 𝒰 be an open subset in 𝒳 such that 𝓍 ∈ 𝒰.  

Since f is 𝛿 − ß − open, then  𝑓 (𝒰)  ∈ 𝛿 − ßΣ(𝒴,  𝒯∗) .Therefore 

ℬ ⋂ 𝑓(𝒰) ≠ φ. Then, 

𝒰 ⋂ 𝑓−1(ℬ ) ≠ φ. Hence 𝓍 ∈ Cl[ 𝑓−1(ℬ )]. So, we get𝑓−1[𝛿 − ß − Cl(ℬ)] ⊆

Cl[𝑓−1[(ℬ)]. 

(𝐂𝐨𝐧𝐯𝐞𝐫𝐬𝐞𝐥𝐲): Let ℬ be subset of𝒴. Then (𝒴 − ℬ) ⊆

𝒴. via hypothesis, we have,    

 𝑓−1[𝛿 − ß − Cl(𝒴 − ℬ)] ⊆ Cl[ 𝑓−1(𝒴 − ℬ)]. This implies,   

𝒳– Cl[𝑓−1(𝒴 − ℬ)] ⊆ 𝒳– 𝑓−1[𝛿 − ß − Cl(𝒴 − ℬ)]. Hence  

𝒳– Cl[𝒳– 𝑓−1(ℬ)] ⊆ 𝑓−1[ (𝒴 –  𝛿 − ß − Cl(𝒴 − ℬ))] .  

Now 𝒳– Cl[𝒳– 𝑓−1(ℬ)]  =  𝐼𝑛𝑡[𝒳– (𝒳– 𝑓−1(ℬ)]  = 𝐼𝑛𝑡[𝑓−1(ℬ)]. Then, we 

have 

Y – 𝛿 − ß − Cl(𝒴 − ℬ)  =  𝛿 − ß − 𝐼𝑛𝑡[𝒴 − (𝒴 − ℬ)]  =  𝛿 − ß − I𝑛𝑡(ℬ). 

Therefore, 

𝐼𝑛𝑡[ 𝑓−1(ℬ)] ⊆ 𝑓−1[𝛿 − ß − I𝑛𝑡(ℬ)]. So, via 𝐓𝐡𝐞𝐨𝐫𝐞𝐦(𝟑. 𝟕) we get𝑓 is 𝛿

− ß − open.    

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟑. 𝟗: A mapping𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗)is said to be a:   

Open [17], if the image of each open subset of  (𝒳, 𝒯)  is open of  (𝒴,  𝒯∗). 

α − open  [18], if the image of each open subset of  (𝒳, 𝒯)  is α-open 

of(𝒴,  𝒯∗). 

Semi open  [19], if the image of each open subset of  (𝒳, 𝒯)  is semi open of  

(𝒴,  𝒯∗). 

Pre − open  [14], if the image of each open subset of  (𝒳, 𝒯)  is Pre-open of  

(𝒴,  𝒯∗). 

𝑏 − open[4], if the image of each open subset of  (𝒳, 𝒯)  is b-open 

of(𝒴,  𝒯∗). 

ß − open  [15], if the image of each open subset of  (𝒳, 𝒯)  is ß-open 

of(𝒴,  𝒯∗). 

Е − open  [7], if the image of each open subset of  (𝒳, 𝒯)  is Е-open 

of(𝒴,  𝒯∗). 

Quasi 𝐸 − open  [7], if the image of every E-open set in (𝒳, 𝒯) is open 

in(𝒴,  𝒯∗). 
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strongly 𝐸 − open [7], if the image of every E-open set in (𝒳, 𝒯) is E-open 

in(𝒴,  𝒯∗). 

Remark 3.10: “The relationships between 𝛿 − ß − open mappings and other 

corresponding forms of generalized mappings are shown in the following 

figure”. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure (2): the relationships between 𝜹 − ß − 𝐨𝐩𝐞𝐧 𝐦𝐚𝐩𝐩𝐢𝐧𝐠𝐬 and other 

of well-known types of generalized open mappings 

However, none of these implications is reversible as shown via the example 

(2.3) of [20], and the following example: 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝟑. 𝟏𝟏: Let 𝒳 =  𝒴 = {𝒶, 𝑏, 𝒸, 𝒹}, define a topology 

 𝑇 = {𝜑, 𝒳, {𝒶}, {𝒸}, {𝒶, 𝑏}, {𝒶, 𝒸}, {𝒶, 𝑏, 𝒸}, {𝒶, 𝒸, 𝒹}} and define a mapping    

𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗) as  follows: 𝑓(𝒶) = 𝒶, 𝑓(𝑏) = 𝒹, 𝑓(𝒸) =

𝑏 𝑎𝑛𝑑 𝑓(𝒹) = 𝒸. Then clearly that, 𝑓 is𝛿 − ß − open, but it is not 𝐸 −

open mapping.  As well as, 𝑓neither ß − open  nor  

𝑏 − open mapping.  

 

𝐂𝐡𝐀𝐑𝐀𝐂𝐓𝐄𝐑𝐈𝐙𝐀𝐓𝐈𝐎𝐍𝐒 𝐎𝐅 𝐐𝐔𝐀𝐒𝐈 𝜹 − ß − 𝐎𝐏𝐄𝐍 𝐌𝐀𝐏𝐏𝐈𝐍𝐆𝐒  

 

In this part, we obtain some characterizations and several properties concerning 

of  quasi 𝛿 − ß − open mappings by using 𝛿 − ß − open. 

b - Open mappings 

ß - Open mappings 

δ-ß - Open mappings 

Semi - Open mappings Pre - Open mappings 

α- Open mappings 

 

Open mappings 

E - Open mappings 
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𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟒. 𝟏: A mapping𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗)is called  quasi 𝛿 − ß −

open if 𝑓 (𝒰)  

   is open in 𝒴 for every 𝒰 ∈ 𝛿 − ßΣ(𝒳, 𝒯).  

 𝐑𝐞𝐦𝐚𝐫𝐤 𝟒. 𝟐: (𝐚) −  It is obvious that, the concepts quasi of𝛿 − ß −

openness and  

𝛿 − ß − continuity are identical if the mapping 𝑓 is a bijection.   

𝐑𝐞𝐦𝐚𝐫𝐤 𝟒. 𝟑: From the definitions of (𝟑. 𝟗) and (𝟒. 𝟏), it is clear that every quasi𝛿 − ß −  

open mapping is open as well as 𝛿 − ß −

open, and we have the following diagram:  

 

 

 

 

 

 

 

Figure (3): the relationships between 𝐪𝐮𝐚𝐬𝐢 𝜹 − ß − 𝐨𝐩𝐞𝐧 𝐦𝐚𝐩𝐩𝐢𝐧𝐠𝐬 and 

other of well-known types of generalized open mappings 
“However, the converses of the implications are not true in general as shown in 

the following example”. 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝟒. 𝟒: 1 −  Let 𝒳 =  𝒴 =  {1, 2, 3}, define a topology𝒯 =

 {φ, 𝒳, {1}, {2, 3}}.   

  Defined a mapping𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗): 𝑓(1) = 1 , 𝑓(2) = 2 𝑎𝑛𝑑 𝑓(3) =

3.   

  Then obviously that 𝑓 is open. Also, 𝐸 − open and 𝛿 − ß −

open, but it is neither  

 quasi 𝛿 − ß − open nor quasi 𝐸 − open.  

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟒. 𝟓: A mapping𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗)is quasi 𝛿 − ß −

open if and only if   

for every subsetℬ 𝑜𝑓 𝒳, 𝑓 (𝛿 − ß − 𝐼𝑛𝑡 (ℬ)) ⊆ 𝐼𝑛𝑡(𝑓 (ℬ)).    

𝑷𝒓𝒐𝒐𝒇: suppose that 𝑓 𝑖𝑠 quasi𝛿 − ß −

open mapping. Now, we have 𝐼𝑛𝑡 (ℬ) ⊆ ℬ and  

𝛿 − ß − 𝐼𝑛𝑡 (ℬ) 𝑖𝑠 𝑎 𝛿 − ß − open set. Therefore, we get that 𝑓 (𝛿 − ß −

𝐼𝑛𝑡 (ℬ)) ⊆ 𝑓 (ℬ). 

Since 𝑓 (𝛿 − ß − 𝐼𝑛𝑡 (ℬ)) 𝑖s open, so 𝑓 (𝛿 − ß − 𝐼𝑛𝑡 (ℬ))  ⊆ 𝐼𝑛𝑡(𝑓 (ℬ)).   

(𝐂𝐨𝐧𝐯𝐞𝐫𝐬𝐞𝐥𝐲), suppose that ℬ is a𝛿 − ß − open set of 𝒳. So,  

𝑓 (ℬ)  = 𝑓 (𝛿 − ß − 𝐼𝑛𝑡 (ℬ))  ⊆  𝐼𝑛𝑡(𝑓 (ℬ)). But, 𝐼𝑛𝑡(𝑓 (ℬ)) ⊆  𝑓 (ℬ).  

Consequently, 𝐼𝑛𝑡(𝑓 (ℬ)) = 𝑓 (ℬ) 𝑎𝑛𝑑 thus, 𝑓 is quasi 𝛿 − ß −

open mapping.   

Quazi- δ-ß open mapping 

 

δ-ß open mapping 

Quazi-E-open mapping 

 

E-open mapping 
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𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟒. 𝟔: A subset 𝒰 of a space 𝒳  is said to be𝛿 − ß −

neighborhood of a point  

 𝓍 ∈ 𝒳 if there exists an𝛿 − ß − open set 𝒜 of 𝒳 such that 𝓍 ∈ 𝒜 ⊆ 𝒰.    

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟒. 𝟕: For mapping𝑓: (𝒳, 𝒯) ⟶

(𝒴,  𝒯∗)the following properties areequivalent:   

𝑓 is quasi 𝛿 − ß − open;  

For each subset 𝒜 of a space 𝒳 , 𝑓 (𝛿 − ß − 𝐼𝑛𝑡(𝒜)) ⊆ 𝐼𝑛𝑡( 𝑓(𝒜));   

∀ 𝓍 ∈ 𝒳and ∀ 𝛿 − ß − neighborhood  𝒰 of 𝓍 ∈

𝒳, there exists a neighborhood 𝒱 of    

    𝑓 (𝓍) in 𝒴 such that 𝒱 ⊆ 𝑓 (𝒰). 

𝑷𝒓𝒐𝒐𝒇: (𝐚) (𝐛). It follows fromTheorem(𝟒. 𝟓).  

(𝐛) (𝐜). Suppose that, 𝓍 ∈ 𝒳 and 𝒰 is an arbitrary 𝛿 − ß −

neighborhood of 𝓍. Then ∃ 

  𝒱 ∈ 𝛿 − ßΣ(𝒳, 𝒯) (s. t) 𝓍 ∈ 𝒱 ⊆ 𝒰. Then via part (𝐛), we obtain,  

 𝑓 (𝒱) = 𝑓 [𝛿 − ß − Int(𝒱)] ⊆ Int(𝑓(𝒱)) and hence, 𝑓 (𝒱) = Int(𝑓(𝒱). 

Therefore, it is follow that, 𝑓 (𝒱) is open in 𝒴 such that𝑓 (𝓍) ∈ 𝑓 (𝒱) ⊆

𝑓 (𝒰).  

(𝐜) (𝐚). Suppose that𝒰 ∈ 𝛿 − ßΣ(𝒳, 𝒯). Then for each 𝓎 ∈

𝑓 (𝒰), there exists a    

neighborhood 𝒱𝓎 of 𝓎 in 𝒴 such that, 𝒱𝓎 ⊆

𝑓 (𝒰). Since 𝒱𝓎 is a neighborhood of 𝓎, 

thereexists an open set 𝒲𝓎 in 𝒴 such that 𝓎 ∈ 𝒲𝓎 ⊆ 𝒱𝓎 . So, 𝑓 (𝒰)  =

⋃{𝒲𝓎: 𝓎 ∈ 𝑓 (𝒰)}  

which is an open set in 𝒴. This implies that𝑓 is quasi𝛿 − ß −

open mapping. 

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟒. 𝟖: A mapping𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗)is quasi𝛿 − ß −

open if and only if for  

every subset ℬ 𝑜𝑓 𝒴, 𝛿 − ß − 𝐼𝑛𝑡 (𝑓−1(ℬ)) ⊆ 𝑓−1(𝐼𝑛𝑡(ℬ)).    

𝑷𝒓𝒐𝒐𝒇: Let ℬ be any subset of 𝒴. Then, 𝛿 − ß − 𝐼𝑛𝑡 (𝑓−1(ℬ)) ∈ 𝛿 −

ßΣ(𝒳, 𝒯)  

  and 𝑓 is quasi𝛿 − ß − open, then𝑓 (𝛿 − ß − 𝐼𝑛𝑡( 𝑓−1(ℬ)))

⊆  Int(𝑓 ( 𝑓−1(𝐼𝑛𝑡(ℬ))) ⊆ 

𝐼𝑛𝑡(ℬ). Thus, 𝛿 − ß − 𝐼𝑛𝑡 (𝑓−1(ℬ)) ⊆ 𝑓−1(𝐼𝑛𝑡(ℬ)).   

 (𝐂𝐨𝐧𝐯𝐞𝐫𝐬𝐞𝐥𝐲), Let 𝒰 ∈ 𝛿 − ßΣ(𝒳, 𝒯). Then via hypothesis  

𝛿 − ß − 𝐼𝑛𝑡[ 𝑓−1( 𝑓 (𝒰))]  ⊆ 𝑓−1[𝐼𝑛𝑡(𝑓 (𝒰))] . Then, 𝛿 − ß − 𝐼𝑛𝑡(𝒰)  ⊆

𝑓−1[𝐼𝑛𝑡( 𝑓 (𝒰))],  

but, 𝛿 − ß − 𝐼𝑛𝑡(𝒰) = 𝒰. Hence, 𝒰 ⊆ 𝑓−1[𝐼𝑛𝑡(𝑓 (𝒰))] & 𝑓(𝒰)

⊆ 𝐼𝑛𝑡(𝑓 (𝒰)).  
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Consequently , 𝑓 is quasi 𝛿 − ß − open mapping. 

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟒. 𝟗: A mapping𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗)is quasi 𝛿 − ß −

open if and only if for  

every subset ℬ 𝑜𝑓 𝒴, and for every set ℳ ∈ 𝛿 − ß𝐶(𝒳,

𝒯) containing 𝑓−1(ℬ), there exists a closed subset 

ℱ of 𝒴 containing ℬ such that, 𝑓−1(ℱ) ⊆ ℳ. 

𝑷𝒓𝒐𝒐𝒇: suppose that, 𝑓 𝑖𝑠 quasi𝛿 − ß − open and ℬ ⊆ 𝒴, and let ℳ

∈ 𝛿 − ß𝐶(𝒳, 𝒯)with   

𝑓−1(ℱ) ⊆ ℳ. Now, put ℱ =  𝒴 − 𝑓 (𝒳 − ℳ). It is obvious that 𝑓−1(ℬ) ⊆

ℳ ⟹ ℬ ⊆ ℱ. 

Since, 𝑓 is quasi 𝛿 − ß

− open mapping, we get ℱ as a  closed subset of 𝒴. 

Also, we obtain 𝑓−1(ℱ) ⊆ ℳ.  

(𝐂𝐨𝐧𝐯𝐞𝐫𝐬𝐞𝐥𝐲), Let 𝒰 ∈ 𝛿 − ßΣ(𝒳, 𝒯) and put ℬ =

𝒴– 𝑓(𝒰). Then, 𝒳– 𝒰 ∈ 𝛿 − ß𝐶(𝒳, 𝒯) with 𝑓−1(ℬ) ⊆

𝒳– 𝒰. Via assumption, there exists a closed set ℱ of 𝒴 such that:  

ℬ ⊆ ℱ and𝑓−1(ℱ) ⊆ 𝒳– 𝒰. Hence, we get 𝑓(𝒰) ⊆ 𝒴 − ℱ. On the other 

hand, it follows that ℬ ⊆ ℱ, 𝒴 − ℱ ⊆ 𝒴 − ℬ =

𝑓(𝒰). Thus, we have 𝑓 (𝒰) = 𝒴 − ℱ which is open and hence,  

𝑓 is quasi𝛿 − ß − open mapping. 

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟒. 𝟏𝟎: A mapping𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗) is quasi𝛿 − ß −

open if and only if   

for every subset ℬ 𝑜𝑓 𝒴, 𝑓−1(𝐶𝑙(ℬ)) ⊆ 𝛿 − ß − 𝐶𝑙(𝑓−1(ℬ)). 

 𝑷𝒓𝒐𝒐𝒇: Assume that, 𝑓 𝑖𝑠quasi 𝛿 − ß

− open mapping. For any subset ℬ 𝑜𝑓 𝒴, 

𝑓−1(ℬ)

⊆  𝛿 − ß

− Cl[ 𝑓−1(ℬ)]. Therefore by Theorem(𝟒. 𝟗), there exists a closed   

 set ℱ of 𝒴 such thatℬ ⊆ ℱ and 𝑓−1(ℱ) ⊆ 𝛿 − ß −

Cl( 𝑓−1(ℬ)). Therefore, we obtain,  

𝑓−1(𝐶𝑙(ℬ)) ⊆ 𝑓−1(ℱ) ⊆ 𝛿 − ß − 𝐶𝑙(𝑓−1(ℬ)). 

(𝐂𝐨𝐧𝐯𝐞𝐫𝐬𝐞𝐥𝐲), Suppose that ℬ is any subset of  a space 𝒴, and ℳ ∈ 𝛿 −

ß𝐶(𝒳, 𝒯) with        

  𝑓−1(ℬ) ⊆ ℳ. Put ℱ = 𝐶𝑙(ℬ),   then we have ℬ ⊆ ℱ and ℱ is closed and  

𝑓−1(ℱ) ⊆ 𝛿 − ß − 𝐶𝑙(𝑓−1(ℬ)) ⊆ ℳ. Then by Theorem (4.9), we get 

𝑓 isquasi 𝛿 − ß − open 

  𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟒. 𝟏𝟏: Let 𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗) and 𝑔: (𝒴,  𝒯∗) ⟶

(𝒵, 𝒯∗∗) be two mappigs      
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 and𝑔o𝑓: (𝒳, 𝒯) ⟶ (𝒵, 𝒯∗∗) is quasi 𝛿 − ß −

open map. If 𝑔 is continuous injective,  

then 𝑓 is quasi 𝛿 − ß − open mapping.   

𝑷𝒓𝒐𝒐𝒇: Let 𝒰 be  𝛿 − ß

− open set in 𝒳, then ( 𝑔o𝑓 )(𝒰)is open in 𝒵 since 𝑔o𝑓  

is quasi 𝛿 − ß − open. Again 𝑔 is an injective continuous mapping,  

𝑓 (𝒰) =  𝑔−1(𝑔o𝑓 (𝒰))is open in𝒴. This shows that 𝑓 isquasi 𝛿 − ß −

open mapping.  

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟒. 𝟏𝟐: A space(𝒳, 𝒯) is said to be:   

𝛿 − ß − T1  [21], if for each pair of distinct points 𝓍 and 𝓎 of 𝒳, there exist 

𝛿 − ß − open sets 𝒜 and ℬ  containing 𝓍 and 𝓎, respectively, such that, 

𝓍 ∉ ℬ and 𝓎 ∉ 𝒜. 

𝛿 − ß − T2  [21], if for each pair of distinct points 𝓍 and 𝓎 of 𝒳 there exist 

disjoint        𝛿 − ß − open sets 𝒜 and ℬ in 𝒳 such that 𝓍 ∈ 𝒜 𝑎𝑛𝑑 𝓎 ∈ ℬ. 

  𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟒. 𝟏𝟑: The following properties areholdfor quasi 𝛿 − ß −

open bijective   

 mapping𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗): 

If 𝒳 is𝛿 − ß − T1 then 𝒴 is T1. 

If 𝒳 is𝛿 − ß − T2 then 𝒴 is T2. 

𝑷𝒓𝒐𝒐𝒇: (𝐚)  −  Let𝓎1 and 𝓎2be any two distinct points in 𝒴. Then there exist 𝓍1 and 𝓍2  

 in 𝒳, such that 𝑓 (𝓍1)  =  𝓎1 and 𝑓 (𝓍2)  =  𝓎2. Since 𝒳 is 𝛿 − ß −

T1 then, there exist two  

𝛿 − ß − open sets 𝒰 and 𝒱 in 𝒳with𝓍1 ∈ 𝒰, 𝓍2 ∉ 𝒰 and 𝓍2 ∈ 𝒱, 𝓍1 ∉

𝒱. Now 𝑓 (𝒰)      

 and 𝑓 (𝒱)are open in 𝒴  with 𝓎1 ∈ 𝑓 (𝒰), 𝓎2 ∉  𝑓 (𝒰) and 𝓎2

∈ 𝑓 (𝒱), 𝓎1 ∉  𝑓 (𝒱).  

Proof: (b) - is similar to (a). Thus is omitted.  

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟒. 𝟏𝟒: A space(𝒳, 𝒯)is said to be:  

𝛿 − ß − compact [22], if every cover of 𝒳 by 𝛿 − ß − open sets has a 

finite sub cover. 

𝛿 − ß − Lindelof if every cover of 𝒳 by 𝛿 − ß − open sets has a countable 

subcover. 

Theorem 4.15: The following properties are hold  for quasi𝛿 − ß −

open bijective mapping     𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗): 

If 𝒴 is compact, then 𝒳 is 𝛿 − ß − compact 

If 𝒴 is Lindelof, then 𝒳 is 𝛿 − ß − Lindelof. 

Proof: (a) – Let 𝒟1 = {𝒰λ: λ ∈ Δ}be an 𝛿 − ß −

open cover of 𝒳. Then 𝒦1 = {𝑓(𝒰λ): λ ∈ Δ} 

 is a cover of𝒴 via open sets in 𝒴.  Since 𝒴 is compact, Then 𝒦1 has a finite subcover   
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𝒦2  = {𝑓 (𝒰λ1
), 𝑓 (𝒰λ2

), … … . . , 𝑓 (𝒰λn
)}for 𝒴. Then  𝒟2  

=  {𝒰λ1
, 𝒰λ2

, . . … , 𝒰λn
} is  

  a finite subcover of  𝒟1 for 𝒳. 𝑷𝒓𝒐𝒐𝒇: (𝐛) −

 is similar to(𝐚). Thus is omitted. 

Definition 4.16: A space (𝒳, 𝒯) is said to be 𝛿 − ß − Connected  [21] if 

𝒳 cannot be written as the union of two nonempty disjoint 𝛿 − ß −

open sets. 

Theorem 4.17: If 𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗) is quasi 𝛿 − ß −

open surjective mapping and 𝒴 is  Connected. Then 𝒳 is 𝛿 − ß −

Connected.  

𝑷𝒓𝒐𝒐𝒇: Assume that 𝒳 is not 𝛿 − ß

− Connected. Then there exist two non − empty  

disjoint  𝛿 − ß − open sets 𝒰 and 𝒱 in 𝒳 such that 𝒳 =  𝒰 ⋃ 𝒱. Then 

𝑓 (𝒰) and 𝑓 (𝒱) are 

 non − empty disjoint open sets in 𝒴 with 𝒴 =

𝑓 (𝒰) ⋃ 𝑓 (𝒱)which contradicts the   

fact that 𝒴is connected.  

 

𝐂𝐇𝐀𝐑𝐀𝐂𝐓𝐄𝐑𝐈𝐙𝐀𝐓𝐈𝐎𝐍𝐒 𝐎𝐅 𝐒𝐓𝐑𝐎𝐍𝐆𝐋𝐘 𝜹 − ß − 𝐎𝐏𝐄𝐍 𝐌𝐀𝐏𝐏𝐈𝐍𝐆𝐒 

 

In this section, we obtain some characterizations and several properties 

concerning of strongly 𝛿 − ß − open mappings via 𝛿 − ß − open sets. 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟓. 𝟏: A mapping𝑓: (𝒳, 𝒯) ⟶

(𝒴,  𝒯∗) is said to be  strongly𝛿 − ß − open if          𝑓 (𝒰) ∈ 𝛿 −

ßΣ(𝒴,  𝒯∗) for every 𝒰 ∈ 𝛿 − ßΣ(𝒳, 𝒯). 

Remark 5.2: From the definitions of (3.9) and (5.1), it is clear that 

every strongly 𝛿 − ß − open mapping is open as well as 𝛿 − ß − open, 

and we have the following figure: 

 

 

 

 

 

 

 

 

 

 

 

 

Strongly- δ-ß open mapping 

 

Quazi-δ-ß open mapping 

Strongly-E-open mapping 

 

Quazi-E-open mapping 

E-open mapping δ-ß open mapping 
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Figure (3): the relationships between 𝐬𝐭𝐫𝐨𝐧𝐠𝐥𝐲 𝜹 − ß −

𝐨𝐩𝐞𝐧 𝐦𝐚𝐩𝐩𝐢𝐧𝐠𝐬 and other of well-known kinds of generalized open 

mappings 

 
“However, the converses of the implications are not true in general as shown 

in the following examples”. 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝟓. 𝟑: Let 𝒳 =  𝒴 = {𝓍, 𝓎, 𝓌, 𝓏}, define a topology 

 𝑇 = {𝜑, 𝒳, {𝓍}, {𝓌}, {𝓍, 𝓎}, {𝓍, 𝓌}, {𝓍, 𝓎, 𝓌}, {𝓍, 𝓌, 𝓏}} and define a mapping    

𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗) as  follows: 𝑓(𝓍) = 𝓍, 𝑓(𝓎) = 𝓏, 𝑓(𝓌)

= 𝓎 𝑎𝑛𝑑 𝑓(𝓏) = 𝓌. Then  

clearlythat, 𝑓 is 𝛿 − ß − open, but it is not 𝐸

− open mapping. Moreover 𝑓 neither strongly  

𝛿 − ß − open  nor strongly 𝐸 − open. 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝟓. 𝟒: Let 𝒳 =  𝒴 = {𝒶, 𝑏, 𝒸, 𝒹}, define atopology 

 𝑇

= {𝜑, 𝒳, {𝑏}, {𝑑}, {𝑏, 𝑑}, {𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}, {𝒶, 𝑏, 𝒹}} and define a mapping    

𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗) as  follows: 𝑓(𝒶) = 𝒶, 𝑓(𝑏) = 𝒹, 𝑓(𝒸)

= 𝑏 𝑎𝑛𝑑 𝑓(𝒹) = 𝒸.  

Then, 𝑓 is  strongly 𝛿 − ß − open , but not  strongly 𝐸

− open mapping, since there exists  

the subset {𝑎, 𝑏} ∈ 𝐸Σ(𝒳, 𝒯), but, 𝑓({𝑎, 𝑏}) = {𝑎, 𝑑} ∉ 𝐸Σ(𝒴,  𝒯∗). 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟓. 𝟓: A topological space(𝒳, 𝒯) is said to be a 𝑇𝛿−ß

− space [𝟐𝟑] if every 

𝛿 − ß − open subset of  (𝒳, 𝒯) is open in (𝒳, 𝒯).   

𝐑𝐞𝐦𝐚𝐫𝐤 𝟓. 𝟔:  If 𝑓: (𝒳, 𝒯)

⟶ (𝒴,  𝒯∗) is quasi𝛿 − ß − open mapping and 𝒴  

is a 𝑇𝛿−ß − space, then quasi 𝛿 − ß − openness coincide with strongly 𝛿

− ß − openness.  

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟓. 𝟕: A mapping𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗) is said to be 𝛿 − ß −

irresolute [𝟐𝟏]if    

  𝑓−1(𝒱) is 𝛿 − ß − open in 𝒳 for every 𝛿 − ß − open set 𝒱 of 𝒴.  

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟓. 𝟖: Suppose that 𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗) and 𝑔: (𝒴,  𝒯∗)

⟶ (𝒵, 𝒯∗∗) are two  

strongly  𝛿 − ß − open mappings. Then, 𝑔o𝑓: (𝒳, 𝒯)

⟶ (𝒵, 𝒯∗∗) is strongly 𝛿 − ß −  

open mapping. 

Proof: The proof is obvious thus omitted.   

  𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟓. 𝟗: A mapping𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗) is strongly𝛿 − ß −

open if and only  
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if ∀ 𝓍 ∈ 𝒳 and for each 𝒰 ∈ 𝛿 − ßΣ(𝒳, 𝒯) with 𝓍 ∈ 𝒰, there exists𝒱

∈ 𝛿 − ßΣ(𝒴,  𝒯∗) 

 such that, 𝑓(𝓍) ∈ 𝒱 and 𝒱 ⊆ 𝑓 (𝒰). 

Proof: It is clear thus deleted. 

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟓. 𝟏𝟎: A mapping𝑓: (𝒳, 𝒯)

⟶ (𝒴,  𝒯∗) is strongly𝛿 − ß − open if and only  

if ∀ 𝓍 ∈ 𝒳 and ∀ 𝛿 − ß − neighborhood  𝒰 of 𝓍

∈ 𝒳, ∃ an𝛿 − ß − neighborhood 𝒱 of 𝑓(𝓍)  

in 𝒴 such that, 𝒱 ⊆ 𝑓 (𝒰).  

𝑷𝒓𝒐𝒐𝒇: suppose that 𝒰 is an 𝛿 − ß − neighborhood of 𝓍 ∈ 𝒳. Then ∃ 𝒲

∈ 𝛿 − ßΣ(𝒳, 𝒯)  

 𝓍 ∈ 𝒲 ⊆ 𝒰. So , 𝑓(𝓍) ∈ 𝑓(𝒲)

⊆ 𝑓(𝒰). Since 𝑓 is strongly 𝛿 − ß − open, this implies,  

𝑓(𝒲) ∈ 𝛿 − ßΣ(𝒴,  𝒯∗).  So 𝒱 

=  𝑓 (𝒲) is an 𝛿 − ß − neighborhoodof 𝑓(𝓍) & 𝑉

⊆ 𝑓(𝒰).  

  (𝐂𝐨𝐧𝐯𝐞𝐫𝐬𝐞𝐥𝐲), Let 𝒰 ∈ 𝛿 − ßΣ(𝒳, 𝒯) and 𝓍 ∈ 𝒰, then 𝒰 is an 𝛿 − ß −

neighborhood   

of 𝓍. So via supposition, there exists an 𝛿 − ß

− neighborhood 𝒱𝑓(𝓍) of 𝑓(𝓍) such that, 

𝑓(𝓍) ∈ 𝒱𝑓(𝓍) ⊆ 𝑓(𝒰). It follows 𝑓(𝒰) is an 𝛿 − ß

− neighborhoodof of each of its points.  

Therefore, 𝑓(𝒰) ∈ 𝛿 − ßΣ(𝒴,  𝒯∗), hence 𝑓 is strongly 𝛿 − ß − open 

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟓. 𝟏𝟏: A mapping 𝑓: (𝒳, 𝒯)

⟶ (𝒴,  𝒯∗) is strongly 𝛿 − ß − open if and only if 

𝑓 (𝛿 − ß − 𝐼𝑛𝑡(𝒜)) ⊆ 𝛿 − ß − 𝐼𝑛𝑡(𝑓(𝒜)) for each 𝒜 ⊆ 𝒳. 

 𝑷𝒓𝒐𝒐𝒇: Assume that 𝒜 ⊆ 𝒳 and 𝓍 ∈ 𝛿 − ß − 𝐼𝑛𝑡(𝒜). So, 𝒰𝓍

∈ 𝛿 − ßΣ(𝒳, 𝒯) such that , 

𝓍 ∈ 𝒰𝓍 ⊆ 𝒜. Then, 𝑓(𝓍) ∈ 𝑓(𝒰𝓍) ⊆ 𝑓(𝒜) and via assumption, 𝑓(𝒰𝓍)

∈ 𝛿 − ßΣ(𝒴,  𝒯∗). 

Hence, 𝑓(𝓍) ∈ 𝛿 − ß − 𝐼𝑛𝑡(𝑓(𝒜)). Therefore, 𝑓 (𝛿 − ß − 𝐼𝑛𝑡(𝒜))

⊆  𝛿 − ß − 𝐼𝑛𝑡(𝑓(𝒜)). 

(𝐂𝐨𝐧𝐯𝐞𝐫𝐬𝐞𝐥𝐲), Let 𝒰

∈ 𝛿 − ßΣ(𝒳, 𝒯). 𝑆𝑜 via assumption, 𝑓 (𝛿 − ß − 𝐼𝑛𝑡(𝒰))

⊆  𝛿 − ß − 

𝐼𝑛𝑡(𝑓(𝒰)). Since 𝛿 − ß − 𝐼𝑛𝑡(𝒰) = 𝒰 and 𝛿 − ß − 𝐼𝑛𝑡(𝑓(𝒰))

⊆ 𝑓(𝒰). Hence, 

𝑓(𝒰) = 𝛿 − ß − 𝐼𝑛𝑡(𝑓(𝒰)). Thus, 𝑓(𝒰) ∈ 𝛿 − ßΣ(𝒴,  𝒯∗).  
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𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟓. 𝟏𝟐: A mapping𝑓: (𝒳, 𝒯)

⟶ (𝒴,  𝒯∗) is strongly 𝛿 − ß − open if and only  

if𝛿 − ß − 𝐼𝑛𝑡(𝑓−1(ℬ)) ⊆ 𝑓−1(𝛿 − ß − 𝐼𝑛𝑡(ℬ)) for each subset ℬ of 𝒴.    

𝑷𝒓𝒐𝒐𝒇: Let ℬ be any subset of 𝒴. Since 𝛿 − ß − 𝐼𝑛𝑡(𝑓−1(ℬ))

∈ 𝛿 − ßΣ(𝒳, 𝒯) and 𝑓  

 is strongly 𝛿 − ß − open, then 𝑓 (𝛿 − ß − 𝐼𝑛𝑡(𝑓−1(ℬ)))

∈ 𝛿 − ßΣ(𝒴,  𝒯∗). Also we have,  

𝑓(𝛿 − ß − 𝐼𝑛𝑡(𝑓−1(ℬ))) ⊆ 𝑓(𝑓−1(ℬ)) ⊆ ℬ. So𝑓(𝛿 − ß − 𝐼𝑛𝑡(𝑓−1(ℬ)))

⊆ 𝛿 − ß − 𝐼𝑛𝑡((ℬ)) 

Therefore, 𝛿 − ß − 𝐼𝑛𝑡(𝑓−1(ℬ)) ⊆ 𝑓−1(𝛿 − ß − 𝐼𝑛𝑡(ℬ)). 

 (𝐂𝐨𝐧𝐯𝐞𝐫𝐬𝐞𝐥𝐲), Assume that 𝒜 ⊆ 𝒳. Then 𝑓(𝒜)

⊆ 𝒴. Hence via assumption, we obtain,   

𝛿 − ß − 𝐼𝑛𝑡(𝑓(𝒜)) ⊆ 𝛿 − ß − 𝐼𝑛𝑡(𝑓−1(𝑓(𝒜)))

⊆ 𝑓−1(𝛿 − ß − 𝐼𝑛𝑡(𝑓(𝒜))). This implies , 

𝑓 (𝛿 − ß − 𝐼𝑛𝑡(𝒜)) ⊆ 𝑓(𝑓−1(𝛿 − ß − 𝐼𝑛𝑡(𝑓(𝒜))))

⊆ 𝛿 − ß − 𝐼𝑛𝑡(𝑓(𝒜)). Thus, 

𝑓 (𝛿 − ß − 𝐼𝑛𝑡(𝒜)) ⊆ 𝛿 − ß − 𝐼𝑛𝑡(𝑓(𝒜)) ∀ 𝒜

⊆ 𝒳. Thus, by 𝐓𝐡𝐞𝐨𝐫𝐞𝐦 (𝟓. 𝟏𝟏), we get 

𝑓 is strongly 𝛿 − ß − open. 

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟓. 𝟏𝟑: A mapping𝑓: (𝒳, 𝒯)

⟶ (𝒴,  𝒯∗) is strongly𝛿 − ß − open if and only  

if𝑓−1(𝛿 − ß − 𝐶𝑙(ℬ)) ⊆ 𝛿 − ß − 𝐶𝑙(𝑓−1(ℬ)) for each subset ℬ of 𝒴. 

𝑷𝒓𝒐𝒐𝒇: Suppose that, ℬ ⊆ 𝒴 and 𝓍 ∈ 𝑓−1(𝛿 − ß − 𝐶𝑙(ℬ)). Then 𝑓(𝓍) ∈

𝛿 − ß − 𝐶𝑙(ℬ).   

Let 𝒰 ∈ 𝛿 − ßΣ(𝒳, 𝒯) (s. t) 𝓍 ∈ 𝒰, via supposition, 𝑓(𝒰)

∈ 𝛿 − ßΣ(𝒴,  𝒯∗) & 𝑓(𝓍) ∈ 𝑓(𝒰), 

Hence, 𝑓(𝒰) ∩ ℬ ≠ 𝜑. Thus, 𝒰 ∩ 𝑓−1(ℬ) ≠ 𝜑. So, 𝓍

∈ 𝛿 − ß − 𝐶𝑙(𝑓−1(ℬ)). Therefor, we get  

𝑓−1(𝛿 − ß − 𝐶𝑙(ℬ)) ⊆ 𝛿 − ß − 𝐶𝑙(𝑓−1(ℬ)). 

(𝐂𝐨𝐧𝐯𝐞𝐫𝐬𝐞𝐥𝐲), Let ℬ be any subset of 𝒴, then 𝒴 − ℬ

⊆ 𝒴, via supposition, we have   

𝑓−1(𝛿 − ß − 𝐶𝑙(𝒴 − ℬ)) ⊆ 𝛿 − ß − 𝐶𝑙(𝑓−1(𝒴 − ℬ)). This implies that,  

𝒳 − 𝛿 − ß − 𝐶𝑙(𝑓−1(𝒴 − ℬ)) ⊆ 𝒳 − 𝑓−1(𝛿 − ß − 𝐶𝑙(𝒴 − ℬ)). Thus,  

𝒳 − 𝛿 − ß − 𝐶𝑙(𝒳 − 𝑓−1(ℬ)) ⊆ 𝑓−1(𝒴 − 𝛿 − ß − 𝐶𝑙(𝒴 − ℬ)). Thus, 

 𝛿 − ß − 𝐼𝑛𝑡(𝑓−1(ℬ)) ⊆ 𝑓−1(𝛿 − ß −

𝐼𝑛𝑡(ℬ)). So, via 𝐓𝐡𝐞𝐨𝐫𝐞𝐦 (𝟓. 𝟏𝟐), we obtain 

𝑓 is strongly 𝛿 − ß − open. 
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𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟓. 𝟏𝟒: Let𝑓: (𝒳, 𝒯) ⟶

(𝒴,  𝒯∗) be a mapping and 𝑔: (𝒴,  𝒯∗) ⟶ (𝒵, 𝒯∗∗)   

be astrongly 𝛿 − ß − open injective. If 𝑔o𝑓: (𝒳, 𝒯)

⟶ (𝒵, 𝒯∗∗) is 𝛿 − ß − irresolute,   

then 𝑓 is𝛿 − ß − irresolute. 

𝑷𝒓𝒐𝒐𝒇: Let 𝒰 ∈ 𝛿 − ßΣ(𝒴,  𝒯∗). Since 𝑔 is strongly𝛿 − ß − open. Then, 

 𝑔(𝒰) ∈ 𝛿 − ß − Σ(𝒵, 𝒯∗∗).  Aswell as, 𝑔o𝑓 is 𝛿 − ß

− irresolute, therefore we obtain 

(𝑔o𝑓)−𝟏(𝑔(𝒰)) ∈ 𝛿 − ßΣ(𝒳, 𝒯). Since 𝑔 is injective, so we get 

(𝑔o𝑓)−1(𝑔(𝒰)) = (𝑓−1o 𝑔−1)(𝑔(𝒰)) = 𝑓−1 (𝑔−1(𝑔(𝒰))) = 𝑓−1(𝒰)

⟹ 𝑓−1(𝒰) ∈ 𝛿 − ßΣ(𝒳, 𝒯). 

Then, 𝑓 is 𝛿 − ß − irresolute. 

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟓. 𝟏𝟓: Let𝑓: (𝒳, 𝒯)

⟶ (𝒴,  𝒯∗) be a strongly𝛿 − ß − open surjective, and 

𝑔: (𝒴,  𝒯∗) ⟶ (𝒵, 𝒯∗∗) be any mapping. If 𝑔o𝑓: (𝒳, 𝒯)

⟶ (𝒵, 𝒯∗∗) is 𝛿 − ß − irresolute,  

then 𝑔 is 𝛿 − ß − irresolute. 

𝑷𝒓𝒐𝒐𝒇: Assume that 𝒱

∈ 𝛿 − ßΣ(𝒵, 𝒯∗∗). Since 𝑔o𝑓 is 𝛿 − ß

− irresolute, then(𝑔o𝑓)−𝟏(𝒱) 

∈ 𝛿 − ßΣ(𝒳, 𝒯). As  well  𝑓 is strongly𝛿 − ß

− open, so we get 𝑓((𝑔o𝑓)−1(𝒱)) ∈ 𝛿 − 

ßΣ(𝒴,  𝒯∗). Since 𝑓 is an surjective, Then,  

𝑓[(𝑔o𝑓)−1(𝒱)] = (𝑓o(𝑔o𝑓)−1)(𝒱) = [𝑓o(𝑓−1o 𝑔−1)](𝒱)

= [(𝑓o𝑓−1) o 𝑔−1](𝒱) = 𝑔−1(𝒱). 

Hence, 𝑔 is 𝛿 − ß − irresolute. 

 𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟓. 𝟏𝟔: Let𝑓: (𝒳, 𝒯) ⟶ (𝒴,  𝒯∗) and 𝑔: (𝒴,  𝒯∗)

⟶ (𝒵, 𝒯∗∗) be two mappigs   

such that 𝑔o𝑓: (𝒳, 𝒯) ⟶ (𝒵, 𝒯∗∗) is a strongly 𝛿 − ß − open mappig; 

If 𝑓 is 𝛿 − ß − irresolute surjective, then 𝑔 𝑖𝑠 strongly 𝛿 − ß − open;   

If 𝑔 is 𝛿 − ß − irresolute injective, then 𝑓 𝑖𝑠 strongly 𝛿 − ß − open.  

Proof: (a) – Suppose that, 𝒰 ∈ 𝛿 − ßΣ(𝒴,  𝒯∗). Since 𝑓 is 𝛿 − ß −

irresolute, consequently, 

𝑓−1(𝒰) ∈ 𝛿 − ßΣ(𝒳, 𝒯). Now since 𝑔𝑜𝑓 is strongly 𝛿 − ß

− open and 𝑓 is surjective, then 

𝑔o𝑓( 𝑓−1(𝒰)) =  𝑔(𝒰),

∈ 𝛿 − ßΣ(𝒵, 𝒯∗∗). This implies that 𝑔 𝑖𝑠 strongly 𝛿 − ß

− open. 
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(b)- Assume that, 𝒱 ∈ 𝛿 − ßΣ(𝒳, 𝒯). Since 𝑔𝑜𝑓 is strongly 𝛿 − ß −

open, therefore 

(𝑔𝑜𝑓)(𝒱) ∈ 𝛿 − ßΣ(𝒵, 𝒯∗∗).  Again we have, 𝑔 is 𝛿 − ß

− irresolute and injective, thus  

    𝑔−1( 𝑔o𝑓(𝒱))  =  𝑓 (𝒱) ∈ 𝛿 −

ßΣ(𝒴,  𝒯∗). This shows that 𝑓 is strongly 𝛿 − ß − open. 

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟓. 𝟏𝟕: Let𝑓: (𝒳, , 𝒯)

⟶ (𝒴,  𝒯∗) be a strongly 𝛿 − ß − open bijective mappig.  

Thenthefollowing statements hold:   

If 𝒳 is 𝛿 − ß − T1 space, then 𝒴 is 𝛿 − ß − T1. 

If 𝒳 is 𝛿 − ß − T2 space, then 𝒴 is 𝛿 − ß − T2. 

𝑷𝒓𝒐𝒐𝒇: (𝐚)  −  Let 𝓎1 and 𝓎2 be any two distinct points in 𝒴. Then 

∃ 𝓍1 and 𝓍2 in 𝒳, such that  𝑓 (𝓍1)  =  𝓎1 and 𝑓 (𝓍2)  =  𝓎2. Since 

𝒳 is 𝛿 − ß − T1 then, there exist two 

 𝛿 − ß − open sets 𝒰 and 𝒱 in 𝒳with 𝓍1 ∈ 𝒰, 𝓍2 ∉ 𝒰 & 𝓍2 ∈ 𝒱, 𝓍1 ∉

𝒱. Now𝑓 (𝒰) and     

 𝑓 (𝒱)are 𝛿 − ß − open sets in 𝒴 with 𝓎1 ∈ 𝑓 (𝒰), 𝓎2 ∉ 𝑓 (𝒰) and 𝓎2 ∈

𝑓 (𝒱), 𝓎1 ∉ 𝑓 (𝒱).   

Proof: (b) - is similar to (a). Thus is omitted.  

 𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟓. 𝟏𝟖: If 𝑓: (𝒳, 𝒯)

⟶ (𝒴,  𝒯∗) be a strongly 𝛿 − ß − open bijective mappig. 

Then the following statementshold:   

If 𝒴 is 𝛿 − ß − compact space, then 𝒳 is 𝛿 − ß − compact. 

If 𝒴 is 𝛿 − ß − Lindelof space, then 𝒳 is 𝛿 − ß − Lindelof. 

𝑷𝒓𝒐𝒐𝒇: (𝐚)  −  Let 𝒟1 = {𝒰λ: λ ∈ Δ} be an 𝛿 − ß −

open cover of 𝒳. Then   

𝒦1 = {𝑓(𝒰λ): λ ∈ Δ}is a cover of 𝒴 by 𝛿 − ß

− open sets  in 𝒴 . Since  𝒴 is𝛿 − ß − compact  

 space, Then 𝒦1 has a finite subcover  𝒦2  =

{𝑓 (𝒰λ1
), 𝑓 (𝒰λ2

), … … . . , 𝑓 (𝒰λn
)}  

  for 𝒴. Then 𝒟2  =  {𝒰λ1
, 𝒰λ2

, . . … , 𝒰λn
}is a finite subcover of 𝒟1 for 𝒳.  

Proof: (b) - is similar to (a). Thus is omitted. 

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟓. 𝟏𝟗: If 𝑓: (𝒳, 𝒯)

⟶ (𝒴,  𝒯∗) is a strongly 𝛿 − ß − open surjective mappig  

and 𝒴 is 𝛿 − ß − Connected then, 𝒳 is 𝛿 − ß − Connected  

𝑷𝒓𝒐𝒐𝒇: Assume that 𝒳 is not 𝛿 − ß −

Connected. . Then there exist two non − empty   

disjoint 𝛿 − ß − open sets 𝒰 and 𝒱 in 𝒳 such that𝒳 =  𝒰 ∪

𝒱. Then 𝑓 (𝒰)and 𝑓 (𝒱) 
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are non − empty disjoint 𝛿 − ß − open sets in 𝒴 with 𝒴 =

𝑓 (𝒰) ⋃ 𝑓 (𝒱)which    

 contradicts the fact that 𝒴 is𝛿 − ß − Connected. 
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CONCLUSION 

Generalized open sets place a significant role in general Topology and it 

applications. And many topologists worldwide are focusing their researches 

on these topics and this mounted to many important and useful results. 
“Indeed a significant theme in General Topology, Real analysis and many 

other branches of mathematics. One of the well-known concepts and that 

expected it will has a wide applying in physics and Topology and their 

applications is the concept of 𝛿 − ß − open sets.” “One can observe the 

influence of general topological spaces in computer sciences and digital 

topology [24, 25], computational topology for geometric and molecular 

design [26], particle physics, high energy physics, quantum physics and 

Superstring theory [27,28,29,30]”. In this paper we introduced and 

investigated the concepts of new classes of mappings such as 𝛿 − ß − open, 

quasi δ-ß-open, and strongly 𝛿 − ß − open mappings  which may have 

very important applications in quantum particle physics, high energy 

physics and superstring theory. Additionally, the fuzzy topological version 

of the concepts and results introduced in this paper are very important, since 

El-Naschie has shown that the notion of fuzzy topology have very important 

applications in quantum particle physics especially in related to both string 

theory and 
  theory [31].  
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